In the present paper boundenesa, exponential oonvergenoe to zero, stability and asymptotio stability of solutions of some systems of two partial différential equations of the first-order with non-linear boundary conditions are investigated. In the papers [2] -s-[6] are considered these properties (or only some of them) with linear and zero boundary conditions. Some results conoorning the stability of solutions of such system were presented also in [5] In that paper the author considered the equations of the transmission line with constant coefficients and with speoial type non-linear boundary conditions. He proved the stability of solutions of this system by the frequency method.
with the initial conditions (IC) u(x,0) »^(x), i(x,0) = h 2 (x) for xeZ and one of the following three types of boundary conditions
or (BC3) i(0,t) --f.,(u(O t t)) i(l,t) = f 2 (u(1,t)) u(0,t) --f 3 (i(0,t)) u(1,t) « f 4 (id,t)) i(0,t) = -f^(a(0,t)) ud,t) = f 4 (i(l,tj) for t e I, We suppose that the following compatibility conditions are respectively satisfied! h 2 (0) = -f-jfh^O)) h 2 (1) » fgth^D), or or h^(0) = -f 3 (h 2 (0)) h.,0) = f 4 (h 2 (1)) f h 2 (0) = -fjih^O)) f 4 (h 2 (1)).
Physically we may interpret the function u as ourrent and the function v as voltage. Then the boundary conditions (BCn), n = 1,2,3 describe the interdependence of the initial voltages and the initial currents. This dependency is described by the functions f n , n = 1,2,3« -438 - In the part 1 of this paper a quasi-linear system (E) (with functions g,r : X x I x R x R -» R and a: I -R) will be considered. In that part the above mentioned properties of solutions of the problem (E), (IC), (BCn, n = 1,2,3) will be investigated only in the norm II • ||g» Seoond part of this paper deals with a linear system (E), with g,r j Xx I -R and a = A = oonstX). In that part boundedness, exponential convergence to zdro will be consilim II w(.,t) |U = 0 t -oo * lim II w(. ,t) L = 0 t dered in the norm || . ||.j or || . || 2# The stability and asymptotic stability will be investigated in the norm || . |l 2 or I! . 11^ and in the norm || . I1 1 with respect the norm ||. \y 1. A quasi-linear system Consider the system of equations (E) with initial conditions (IC) and boundary conditions (BCn, n = 1,2,3). Let the functions describing the problem (E), (IC), (BCn, n = 1,2,3) satisfy the following conditions:
A1. There exist olaasical solutions w = [u,i] of the problem (E), (IC), (BCn, n = 1,2,3) defined on Xxl, A2. u,ieC 1 (Xxl) } aeC 0 (l); c,l e C 0 » 1 (Xxl)» g,re e C°(XxIxRxR) ; h-, ,h 2 ec 1 (X); t y% f g , f y f 4 eC 0 (R).
A3. There exists positive constants C^, L 1 suoh that for every (x,t)eXxl the inequalities c(x,t) ^ C.p l(x t t) are satisfied.
A4. For every (x,t,y,z) eX x I x RxR we have 2g(x,t,y,z) ^ c t (x,t), 2r(x,t,y,z) J»l t (x,t).
A5. For every t el the inequality a(t) >0 is satisfied* A6. For every veR and je {l,2,3»4} we have
A3. There exists positive oonstants C 1 , Cg, L^, Lg suoh that for every (x,t) ex xl we have C 1 ^c(x,t) <C 2 , L| ^ l(x,t) <L 2 .
A4. There exist positive constants K^, K 2 such that for every (x,t,y,z)eX * Ix RxR we have 
-
Taking into account the boundary conditions (BCn, n=1,2,3) we have
By the formulae (1.2) and (1,3) and the assumptions A5» A6 we obtain the following inequality
In view of thp assumption A4 we have k,(tKo for tel.
Thus
(1.5) ^(tXltlO) for t e I, where
By the assumptions A3 and the definition (1.1) we get f or t e I C 3 llw(.,t)ll| < k 1 (t), where (1 .7) C 3 : = min (C 1 , L 1 ).
-443 - If the assumptions A1 t A2, A3, A4, A5, A6 hold, then every solution w = [u,i] of the problem (E), (IC), (BCn), n = 1,2,3 is bounded and exponentially convergent to zero in the norm ¡I . Iln for t -oo , Proof.
The boundedness of w = [u,i] in the norm II. || 2 follows from Theorem 1.1, as all its assertions are satisfied. Now we prove the exponential convergence to zero in the norm II . |l 2 of any solution of the problem (E), (IC), (BCn), n = 1,2,3.
Taking the Liapunov type function k 1 in the form of (1.1) and making analogical transformations as in the proof of Theorem 1.1 we obtain the inequality (1.4). By the assumptions A3, A4 and the formula (1.1) (1.4) we obtain tho inequality (1.10) -k., (t) > K 3 k 1 (t) for tel.
where
Prom the last inequality we obtain k 1 (t)<k 1 (0) exp (-2K,t) for tel. Proof.
Consider any solution w = [u,i] of the problem (E), (IC), (BCn), n = 1,2,3, such that (1.12) ||w(.,0)|| 2 < 5 .
Using the assumption A3 from the identity (1.6) and the inequality (1.12) we have Prom the inequality (1.11 ), (1.13) and the formula (1.9) we get fc7 llw(.,t)|| 9 < -ycj fi exp (-K 3 t) for tel, where the constant K^ is defined by formula (1.10).
£ /CT Putting o = nVr we obtain the estimation ^ V 4 (1.14)
II w(.,t)|| 2 ^ t exp (-K 3 t) for tel.
-445 -Prom the inequality (1.14) it follows that the zero solution of the problem (E), (IC), (BCn), n = 1,2,3 is stable and asymptotioally stable in the sense of definitions 2a and 2c, respectively.
A linear system
In this part we shall oonsider the system of equations Jc(x,t)u t (x,t) + g(x,t)u(x,t) + Ai x (x,t) = 0 [l(x,t)i t (x,t) + r(x,t)i(x,t) + Au x (x,t) = 0, (with functions c,l,g,r: Xxl-• R and A = const>0) with initial conditions (IC) and boundary conditions (BCn), n = 1,2,3.
We assume that: A1 ' . There exist classical solutions w = [u,i] of the problem (E'), (IC), (BCn), n = 1.2,3 defined on Xxl.
A2'. u,ieC 2 (XxI) ; c,le C°''(Xx I), g,reC°» 2 (Xx I); h 1 ,h 2 eC 2 (X); f 1f f 2 ,f 3 ,f 4 £ C 1 (R). A3 . For every (x,t)eXxI the inequalities 2g(x,t ) > |c t (x,t)| , 2r ( x, t ) H t (x,t)| are satisfied. A4' . There exist positive constants G 1 ,R 1 such that for every (x,t)eXxl we have 0<g(x,t)<G 1 , 0<r(x,t)<R v A5'. For every (x,t)eXxI the inequalities g t (x,t)>0, g tt (x,t)<0; r t (x,t)>0, r tt (x,t)<0 We also assume that the assumptions A3 and A6 from § 1 hold. 
(2.)
In virtue of the assumptions A3, A5' we have k 9 (t) > 0 for tel.
-447 - Taking into consideration the boundary conditions (BCn), n = 1,2,3 we get
(1,t) + f!,(u(0,t))u^(0,t) for (BC1) f^(i(l,t))i^(l,t) + f!j(i(0,t) )i 2 (0,t) for (BC2) f^(i(l f t))i|(1 f t) + f^(u(0,t))u|(0,t) for (BC3). In view of the assumptions A3, A5' and the definition (2.1i it follows that
In virtue of the identities (2,2),
where the constant C^ is defined by the formula (1.7J. Prom the inequalities (2.7) and (2.5) we get the following estimation:
-449 -
Computing u x (x,t) and i (x,t) from the system (b') we obtain
In virtue of the above, the estimations (1.8), (2.8) 
Now we prove the boundedness of solutions of the problem (E' ), (IC), (BCn), n = 1,2,3 in the norm II .II.,. From the mean value theorem we have i | u(x,t)dx = u(^,tj, where ÇeX.
-450 -1 (2.12) u 2 (£,t) < j" u 2 (x,t)dx for t £ 1. 0
The last inequality and the estimation (1.8) imply |u(^ft)|<M1 for t e I, where the constant M^ is defined by the formula I1.y). On the other hand, making use of the formula x 5 and Schwartz's inequality we infer that V u^(x,tjdx for tel, x, £ e X. 0 iTom the above and the inequality (2.10) we have |u(x,t) -u(£,t)| < M3 for tel, x,£eX Thus |u(x,t)UM, + M, for (x,t) e X x I.
Similarly we can obtain the estimation for t -oo . Proof.
The first part of this theorem follows from Theorem 1.2, as all its assertions are satisfied and the estimation (1.11) is true, too. Second part of the proof is similar to the proof of Theorem 1.2. Taking the Liapunov type function in the form of (2.1 ) and making analogical transformations we obtain the estimation (2.4) . By the assumptions A3 and A6' we have from (2.4) Using the assumption A3 we obtain In virtue of the inequalities (2.12), (2.13) and the estimations (1.11), (2.18) we also get |u(x,t)l<M 1 exp (-K^t) + M 3 exp (-K g t)
Ii(x,t)-|4M exp (-K^t) + M^ exp (-Kgt) for (x,t)eXxI.
Denoting K := min (K^.Kg), M^ := max (MLj.M^) and using the formula (2.14) we have Proof. As the system of the equations (E ) is linear, it is sufficient to prove the stability and asymptotio stability of zero solution of the problem (E'), (IC), (BCn), n = 1,2,3.
The stability and the asymptotic stability of zero solution our problem in the norm II .Ilg follows from Theorem 1.3, as all its assertions are satisfied. Now we prove this properties in the norm II . II^. In virtue of the assumptions A2' we infer that there exist positive constants G^.R^ such that for every xe X we have The estimations (1.11), (2.17) and the formula (2.19) imply (2.25) 1 w{.,t)J 3 <yM 2 + M 2 exp (-Kgt) for tel.
Using the formulae (1.9), (2.9) and the inequalities (2.23), (2.24) and (2.25) we obtain II w(.,t)|l 3 <<5-^fexp (-K g t) for tel.
Putting 6 = f^ig^ WQ have (2.26) || w(.,t)S 3 < £ exp (-K g t) for tel.
The inequality (2.26) implies the stability and the asymptotic stability the zero solution WQ = [0,0] of the considered problem in tho norm || . || 3 .
-455 -
